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1. Introduction

All financial investments involve complex decision making criteria within
themselves. The decision, as to how the given wealth for investment will be
distributed among the various available financial instruments, is a very tough one.
Every investor wants to make his portfolio an optimum one, taking into
consideration the market conditions and his risk preference. The manner in which
one can arrive at an optimum decision differs from scenario to scenario. Different
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investors may have different end goals and different preferences towards financial
instruments. Their decision also depends on their wealth and time. In order to
achieve these goals various methods have been developed. In the pioneering work
by Markowitz (1952), minimizing the variance of the returns of the assets, in order
to obtain the best portfolio optimization decision, was suggested. However it
suffers with a few drawbacks particularly of not taking the investors’ time horizon
into consideration. Merton (1969) and Merton (1971) have corrected some of his
errors.

Classical method of optimization depends only on mean and variances of
returns; however, this does not take into account investors preferences and the
amount of wealth to be invested. Optimization of a portfolio based on utility
functions of investors will be rather more appropriate and has been considered
recently. A utility function is non-decreasing, real valued function defined on real
numbers. Since Bernoulli (1954) has given importance to the use of utility
functions as a basis for investment decisions, their use have increased
tremendously. In the recent years a lot of new forms of utility functions have been
developed which can exhibit one or more risk preferences within its form, for
various parameter values. Although constant relative risk aversion (CRRA) is the
most widely used risk preference structure, its use in the real world is often limited
as discussed by Xie(2000). Similarly, it has been argued by Pratt (1964) that utility
functions exhibiting decreasing absolute risk aversion (DARA) are most
appropriate to model people’s preferences. However there are very less empirical
evidences on this. Similar conclusions are reached in the past when people have
tried to claim that sticking to one kind of preference structure is “better” to model
investor behaviour. Hence, one requires a utility function which is not limited in
use and can represent a larger section of investors with varied and mixed risk
attitudes.

Some of the commonly used utility functions are quadratic utility, power
utility, logarithmic utility and exponential utility as highlighted by Sharpe (2007).
Among the new lot of utility functions the most prominent ones are the Expo-
power utility by Saha (1993), which can exhibit all forms of Absolute risk aversion
(ARA) and the Relative risk aversion (RRA) measures, Power risk aversion (PRA)
utility by Xie (2000), which can exhibit Constant absolute risk aversion (CARA)
and CRRA, A new utility function called the PLEC utility is suggested by Arif and
Pakkala (2014), which incorporates all most all the risk preference structures of
investors as described by Pratt (1964) and Arrow (1965).

Many have worked with utility functions in order to obtain an optimal
solution to the portfolio problem. Mossin (1968) has examined utility functions
leading to myopic policies; Merton (1969) considered special utility functions with
logarithmic and power structures. In a survey paper by Steinbach (2001), 208
papers, which show the diversity of different models and approaches used to
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analyze this problem of optimum portfolio based on utility functions, for both
single period and multi-period cases, are reviewed. As highlighted by Canakoglu
and Ozekici (2010) a huge amount of work is done in this direction by a number of
academicians.

In a multi-period setting, as highlighted by Celikyurt and Ozekici(2007),
Canakoglu and Ozekici (2009) and Canakoglu and Ozekici (2010), the assumption
of uncorrelated asset returns is not realistic. One may achieve this dependence or
correlation through a stochastic market process, like a Markov chain, which affects
all deterministic and probabilistic parameters of the model. Solution of these
models is given through dynamic programming techniques.

Here we show that the PLEC utility can be used to model various
possibilities of the real world. It is also shown that an optimum solution for the
portfolio problem exists and is obtained through dynamic programming for a multi
period set up. We have chosen this utility in particular because of the fact that it
can exhibit all the risk preference structures of different types of investors. This
way we can remove any bias occurring in the solution, due to the use of different
utility functions.

Section 2 describes the basic notations and assumptions on the market in
this study. Section 3 gives a brief introduction on the PLEC utility function. In
section 4an example is presented through which, sections of the market utility
function is represented through different PLEC utility functions. In section 5, the
various models that can be incorporated using the PLEC utility function are studied
and also it is shown that the optimum solution for these models exists. In Section 6,
the solution of the dynamic problem equation for the different models mentioned
above is worked out. Section 7 contains illustrations based on the above models
solved through dynamic programming technique. Section 8 consists of the
conclusions.

2. Model description and assumptions on the market

The returns of the assets of a portfolio change continuously in a random
fashion. Distributions such as normal and lognormal have been used to model
them. The variation occurring in them may be due to internal as well as external
factors. These factors could be at a local and/or at a global level. Investment
decisions are affected by these factors as well as the correlation among asset
returns. Modelling a stochastic financial market by a Markov chain is a reasonable
approach in this situation as highlighted by Canakoglu and Ozekici (2009). They
argue that recently there is growing interest in the literature, to use a stochastic
market process, in order to modulate various parameters of the financial model,
hence making it more realistic. They also point out that continuous-time Markov
chains with a discrete state space are used in a number of papers including, for
example, Béuerle and Rieder (2004) and Yin and Zhou (2004), to modulate model
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parameters in portfolio selection and stock trading problems. Hernandez-
Hern&ndez and Marcus (1999), Bielecki et al. (1999) and Nagai and Peng (2002)
are a few others who have done similar work in this area.

2.1.Wealth Dynamics Equation

Suppose that the state of the market in period n is denoted by Y,,andY =
{v,,;n=0,1,2,...} is aMarkov chain with a discrete state space, E and transition
matrix, Q. Let R(i) denote the random vector of asset returns in any period given
that the stochastic market is in state i. The means, variances and covariance of asset
returns depend only on the current state of the stochastic market. The market
consists of one riskless asset with known return r¢ (i) and standard
deviationay (i) = 0; and m risky assets with random returns R™ (i) =

(R(@), RZ(D), ..., R% (1)) in period n if the state of the market is i. We assume that
the random returns in consecutive periods are conditionally independent given the
market states. In other words, R™(i) is independent of R*(j) for all periods k # n
and states i and j. Moreover, R™(i) and R¥(i) are independent and identically
distributed random vectors whenever k # n This implies that the distributions of
the asset returns depend only on the state of the market independent of time. For
this reason, we will let R(i) = R™(i) denote the random return vector in any period
n to simplify the notations here.

Let 7, (i) = E[R,(i)] denote the mean return of the k™ asset in state i and

oy (i) = Cov (Rk (), Rj(i))denote the covariance between k™ and j™ asset returns

in state i. The excess return of the k™ asset in state iisRE (i) = Ry (i) — e(D). It
follows that,

e (D) = E[RE(D] = 1 (©) — ¢ (0)
011 (1) = Cov (RE(D), RE(D)
The notation here is such that r(i)is a scalar and r(i) =

(i (D, 172 (D), ..., rp(®)and r¢ (@) = (r£ (D), £ (), ..., 5 (¥))are column vectors for
all i.

Let X, denote the amount of investor’s wealth at period n and let the vector
u= (ul,uz, um) denote the amounts invested in risky assets (1, 2, ..., m)
respectively. Given any investment policy, the stochastic evolution of the
investor’s wealth follows the so-called wealth dynamics equation,

Xny1(u) = R(Yn)’u + (Xn - 1ru)rf(Yn)
=1 (V) Xn + RE(Yn) u
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where 1' = (1,1,...,1) is the column vector consisting of ‘m’ ones. In a multi-period
set-up, the wealth is reinvested recursively in each period using this equation.

The assumptions regarding the model formulation can be summarized as
follows: (a) There is unlimited borrowing and lending at the prevailing return of
the riskless asset in any period, (b) Short selling is allowed for all assets in all
periods, (c) No capital additions or withdrawals are allowed throughout the
investment horizon, and (d) Transaction costs and fees are negligible.

3. Power Law with Exponential Cut off (PLEC) utility function

A utility function U is a non-decreasing real valued function defined on
real numbers. An individual may have various risk attitudes, which can be studied
based on the first derivative of the utility function. The shape of the utility function
also gives a notion of what exactly the investor puts in the risk concept. A risk-
averse utility will be convex; a risk seeking utility will be concave, whereas a risk
neutral utility will be linear as described in Pratt (1964).
Pratt (1964) and Arrow (1965) suggest the ratio

A(x) = —U"(x)/U'()

as a measure of absolute risk aversion (ARA). ARA explains how, within, risk
aversion the investor preferences change in wealth. When the first derivative of
A(X) i.e., A'(X)<0 the utility exhibits decreasing absolute risk aversion (DARA),
when A'(x)=0 it exhibits constant absolute risk aversion (CARA) and when
A'(X)>0 it exhibits increasing absolute risk aversion (IARA).

Also, within risk aversion, one can study the changes in investor
preferences, with respect to percentage of wealth invested, with the help of the
relative risk aversion (RRA) measure which is defined as

R(x) = xA(x)

When the first derivative of R(X) i.e., R'(x)<0 the utility exhibits
decreasing relative risk aversion (DRRA), when R'(x)=0, it exhibits constant
relative risk aversion (CRRA) and, when R'(X)>0, it exhibits increasing relative
risk aversion (IRRA).

Arif and Pakkala (2014) have introduced a new utility function called as
Power Law with Exponential Cut off (PLEC) utility which can exhibit all most all
of these risk preference structures. The PLEC utility function is defined as,
U(x) = 6 — CeP*x (3.2)
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for

a+pfx<0. (3.2)

Here 6 is so chosen that it makes the value of the utility (if 6=0, the
properties still hold), U, positive for all values of the wealth x > 0. C>0 is the
coefficient of the utility function. Here, a and [ are the parameters. (3.2) is a
consequence of the condition, for any utility function, to have a positive first
derivative.

The special cases a = 0 gives us the exponential utility function and g =
0 gives us the power utility function both of which are members of the HARA
family.

As described by Arif and Pakkala(2014), PLEC utility can represent a risk
liking as well as a risk averse investor. Also within risk aversion it can cover
investors who could be increasing absolute risk averse (IARA), decreasing
absolute risk averse (DARA), constant absolute risk averse (CARA), increasing
relative risk averse (IRRA), decreasing relative risk averse (DRRA) and constant
relative risk averse (CRRA).

4. Representation of an investor in the market through PLEC utility
function.

A financial market may contain various types of investors with varying
degrees of risk. Once we know how the market utility function behaves, we can
check whether the market contains investors having PLEC utility or not.

Rosenberg and Engle (2002) and Detlefsenet. al (2008) have worked in the
area of estimating the market utility function based on the empirical pricing kernel.
They explain how, based on a market reflecting index, empirical pricing kernels
can be estimated. The estimation procedure is based on historical and risk neutral
densities and these distributions are derived with stochastic volatility models that
are widely used in industry. Detlefsenet. al(2008)then describes a method to obtain
individual investor utility function from the market utility function.

We have used the CNX NIFTY index of the national stock exchange
(NSE) of India to estimate the empirical pricing kernel. As described by
Detlefsenet. al(2008) the pricing kernel is obtained by estimating the risk neutral
and the subjective density and then deriving the pricing kernel. This approach does
not impose a strict structure on the kernel. Moreover, we use accepted parametric
models because nonparametric techniques for the estimation of second derivatives
depend a lot on the bandwidth selection although they yield the same pricing
kernel behaviour over a wide range of bandwidths. For the risk neutral density we
use Heston’s stochastic volatility model that is popular both in academia and in
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industry. The historical density is more difficult to estimate because the drift is not
fixed. Hence, the estimation depends more on the model and the length of the
historical time series. The GARCH model is used for the historical density, which
is the discrete version of the continuous model for the risk neutral density.

To the market utility function we fit a PLEC utility function and we see
that some portion of the market utility behaves in a PLEC manner. This implies
that there is an investor(s) who have utilities behaving according to a PLEC utility
function. The Figure 1 below shows the market and fitted PLEC utility functions.

Figure 1.The estimated market utilities and the fitted PLEC utilities.

The estimated market utility function and the fitted PLEC utility

— — PLEC Utility
— Market Utility

Utilities
T

0 \ \ \ \ |
1% 1 10 11 1 12 125

Returns

The values of the parameters is obtained as 0=25.8815, o=-
49.4953 and p=2.1265.

As described by Clausetet. al. (2009) the PLEC function is good in
describing behaviour at extreme ends of the distributions. A similar observation is
seen in Figure 1 as well. The investors in the lower end of wealth are very well
represented with the help of the PLEC utility function with the parameters
mentioned above. Similarly other sections of the market utility can be represented
through other PLEC utility functions. For example an inward bend can be observed
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in the market utility which indicated the presence of risk liking investors in the
market this section can very well be represented again with PLEC utility with
suitable parameters.

Thus this shows that there is an investor in the market whose utility
behaviour can very well be modelled through a PLEC utility function. Hence
investors with PLEC utilities exist in the market and can very well be modelled
with the PLEC function proposed by Arif and Pakkala (2014). This justifies the use
of PLEC utility in our study. Moreover we recommend the use of PLEC utility
because of its unique ability to represent risk liking as well as risk averse investors
as mention in section 3.

5. General distribution model and existence of optimum solution

In this study it is assumed that the distributions of the risky asset returns
are arbitrary. The analysis in this section contains the proof of the existence of
optimum solution for the PLEC utility described above. Then two special cases are
mentioned where one of the parameters is taken to be zero, which gives the
exponential and power model of utility function. The characteristics of the optimal
investment policy for m=1 risky asset is also discussed here.

It is known that g(i,x,u) is the expected utility using the investment
policy u given that the market is in state i and the amount of money available for
investment is x. Hence

g(i,x,u) = Z QG NE[U(, rex + Re()'u)]
=

= Z QN6 — Z QU NC(Y) eﬁxrfE[eﬁRe(i)’u(xrf + Re(i)’u)a]
j=1 j=1

whereé;and C(j)are positive constants.
g, x,u) = K@) — C'(i)eﬁxrfE[eﬁRe(i)’“(xrf + Re(i)'u)a] (5.1
where K(i) = ¥5_, Q(i,/)8; > 0and C'(i) = ¥5_, Q(i,))C()>O.

It can be easily seen that since every function inside the summation in (5.1)
is monotone,g (i, x,u)is monotone in u for all x and i. Therefore to find the
optimum portfolio of risky assets, it is enough if we set the gradient to zero so that
the optimality condition becomes

8g(i, x,u)

Vg, x,u) = =y
k
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Vig(i,x,u) = —C'(i)eP*7E [eﬁRe(")'“Ri(i)(xrf + Re(i)’u)a [ﬁ +

a
xrf+R9(i)’u” =0 (5-2)

for all k.

Define A (i, x,u) = —C'(i)eP*"fE [eﬁRe(i)’uR,i(i)(xrf +Re()'u)” [B +
_a
xrg+Re(D)'u
assets as,
A, x,w) = [AY(, x,w), A% (i, x,w), ..., A™ (i, x,u)] = [0,0, ...,0] (5.3)

Lemma 5.1:The function A (i, x,u) and henceA(i, x, u) are strictly decreasing
in uy for all x,i andk.

H = 0so that the optimality condition (5.2) can be written for all m

This follows by noting that,

SAk(i,x,u) _ : BfoRe . Re(D) . a 2 .
T, = OO TR [eﬁ O (xry + RE(0)'u)” | B2REQ) +
2aR; ()P a(a—1)RE(D) 4
XTf+R9(i)u (xrf+Re(l')’u)2 (5 )

for all x,i and k.This follows because of condition (3.2) which holds for any risk-
averse investor.

Theorem 5.1: The optimal policy is the unique continuously differentiable
function w*(i,x) = [ui (i, x), u5(i, x), ..., un (i, x)]that satisfies A(i, X, u*(i,x)) =
0 for any x and all i.

Proof:

For the existence of the optimal policy satisfying the optimality condition
(5.2),consider the Hessian of the objective function g which is the symmetric
matrix,

§Vig(i,x,u)  62g(i, x,u)
5'”,1 B 5u15uk

Vi,lg(i' X, u) =
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VZ,9(,x,u) = —C'()eP*'rE [eﬁRe(i)’uR;(i) Ry () (xry +

Re (D)) *[(B(ary + RE(D'W) + @)’ — a]]
(5.5)

For any vector z = [zq, Z, ..., Zp |,
z (V2g(i,x,u))z
=—C'(D)ePHTE [ePF* O™ (ary + RE())'u) ™ [(BCxry + R ()'w) + a)?
o] (T 2R ()< 0

Implying that the Hessian of g(i,x,.)is negative definite for all i and x.
Every negative definite matrix has an inverse which is also negative definite. The
implicit function theorem can be applied to the optimality condition (5.2) which
can be rewritten as

Vg(i,x,u) = [V19(, x,w),V,9(, x,u), ..., Vipg (i, x, w)] = [0,0, ...,0].

Note that Vg (i, x, u)is a continuously differentiable function. The Hessian
in (5.4) gives the matrix of the first order derivatives of Vg(i, x, u)with respect
tou = [uq,uy, ..., Uy ]. This is clearly invertible at any fixed point(i, x, u), since itis
negative definite. The proof is now immediate through the implicit function
theorem forvVg(i, x,u) = A(i,x,u) = 0.

Therefore the existence and unigqueness of the optimal policy or portfolio
u*is established, where uy, (x)is the amount of money invested in asset k if the
wealth of the investor is x.

The structure of the three special cases of interest, that is considered here,
will be seen in the following sub-sections.

5.1.Constant risk tolerance model
If the risk tolerance of the investor is constant so that a= 0, then

theoptimality condition (5.2) becomesE [R,‘;’BeBRe'“] = 0 for all k. Note that for
S=0 a trivial solution is obtained. Therefore £ # 0 is to be considered.

5.2.Decreasing absolute risk tolerance model
If the risk tolerance of the investor is decreasing so that = 0, then the

optimality condition (5.2) becomes E [R,ia(xrf + Re'u)“_l] = 0 for all x and k.
Note that for «=0 a trivial solution is obtained. Therefore a # 0 is to be considered.

5.3. Risk tolerance with one risky and one risk-free asset
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For this case, since the distribution of the risky asset is general, one needs
to consider the generalized optimality condition (5.2).1t is known that A(i, x, u)is
decreasing in u. Note that

A*(i,x,0) = =C'(\)eP*r E [R,ﬁ(i)(xrf)a_l[ﬁxrf + a]]
= —C'(i)eﬁxrf(xrf)a_l[ﬁxrf +alu

where u =7 — 1y is the mean of the excess return. Therefore, the sign of
AK (i, x, 0)depends on the sign ofu.

Some of the characteristics on the structure of the optimum policy can
easily be seen as follows. Ifu > 0, i.e., the mean return of the risky asset exceeds
that of the risk free asset then,A®(i,x,0) >0 so that u*(i,x) >0 since
AF(i,x,u)is strictly decreasing in u and the optimal decision satisfying
Ak(i, X, u*(x)) = 0, is greater than zero for all x. This indicates that some positive
amount of current wealth is invested in the risky asset. Moreover, whenu < 0 we
get,u”(i,x) < 0,for all x by a similar argument. This indicates that since the return
of risk free asset exceeds mean return of the risky asset the policy is to sell short
the risky asset and to invest x — u*(i, x) > x in the risk free asset.

6. Dynamic programming solution based on the PLEC utility

Now the dynamic programming equation and optimum portfolio, is
obtained for an investor with varied risk preferences under the model described
above.

6.1. Individual risk tolerance model represented by PLEC utility
function

The optimum solution for the portfolio problem for an investor under this
category can be summarised in Theorem 6.1 as:

Theorem 6.1: Let the utility function of the investor be the PLEC function
given by

U@, x) = K@) — C()(x —n)%eh*

for some n > 0 and suppose that the risk-less asset return does not depend on the
market state. Then, the optimal solution of the dynamic programming equation
(5.5) is

Un(i, x) = Kn(i) —C(D(x — 77n+1)aexﬁn+1
and the optimal portfolio is,
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Un (6, X) = ¥n (LX) (77 = Nnia) (6.1)

where
N = 071 ", B = fi Knoi =Q" K ,Ca=0, 'C (62
and
Qu (i) = rfE [ePreaR O (74 RE )y (i) QG0 )
for n=0,1,...,T-1 where y,, (i, x) satisfies,
E [RED (R () Y (i, 1) + 1)7 ePrssGms DR Dmai0) (@ 4 B (x —
M) (1+ Ry (E,2))| =0 (6.3)

for all assets k=1,2,...,m, all states i and all periods n.

Proof: The induction starting with the boundary condition is used as,
vr(i,%) = K@) = €@ (x —n)“e*?
and

gr-1(,x,u) = Z Qi HE [U (j, TeX + Re,(i)u)]
j=1

= z Q@) [K(i) - C(]')E[eﬁ(xrﬁRe(i)’u)(xrf +Re()u— r;)a]]
=

= K'(i) — C’(i)E[eB(xrfJ'Re(i)'“) (xre + RE(i) u — n)“]
is obtained, where K’ = ¥*_, (i, )K (i) and €' (i) = X5, Q(i, HC(D)

Let u* be the optimal amount of money that should be invested in the risky
asset so that

vr_1(i,x) = m3X9T—1(i, x,u) = gr-1 (6, x,u").

One can see that the objection function g;_; (i, x,u) is in the form of a
PLEC utility function. The assumption on the existence of an optimum solution
implies that the optimal policy can be found using the first order condition,



Portfolio Selection Using Power Law With Exponential Cut-Off Utility Function

E |PLrr R OU0) (e 1 Re(i)up_y (6, x) — ) “REGD) [ﬁ

a
+ , =0
xry + Re(D) up_1 (6, x) — 17”
for all k=1,...,m. Defining the vector function y (i, x) =
(%), 2, %), .., y™ (i, x)) such that y (i, x) = u*(i, x)/(xry — n)one
obtainsu™ (i, x) = y(i, x)(xrr — n) so that the optimality condition can be re-
written as,

E eﬂ(xrf+Re(i)'Y(i,x)(xrf—n))(fo +Re()y (i, x)(xrg — 1) — n)aR,‘i 0) [ﬁ

a
+ x1y + Re() y(i, x)(x1y — 1) — ’7” -

Or
E [eﬁ(Re(i)'V(i.xXfo—"))(1 + Ry (i, )" REW)[Bxs
+Re()'y(i, x)(xry — 1) — ) + a]] =0
The value function at time T-1 is re-written for the optimal policy as,
vr_1 (i, x)

=K'(i) - C’(i)E[eB("Tf’fRe(i)’V(i.X)(xrf‘"))(xrf +Re()'y (i, x)(xry — 1) — r;)a]
=K'() - C'() E[(xrf _ n)ae3(xrf+Re(i)’Y(i,x)(xrf—n))(1 + Re()'y (i, x))a]
= K'(D) = QuC'() (x — n/rp)*eP'7
= K'(D) = QuC'() (x — n/rp)*eP'7
= Kr_1 (1) = Cr_1 () (x — np_1)*ePr—1*
and the value function is still PLEC like the utility function. This follows from

nOtIng thatKT_l = K’, nT—l = T)/T‘f, BT_l = ﬁrfand CT—l = QaC'(l)ThIS
completes the proof for n=T-1.

Suppose now that the induction hypothesis holds for periods T, T-1, T-
2,...,n. Then for period n-1,
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Ina(x0) = > Q) Elwn(j, 1 + RO(0)w)]
=1

In1(i,x,u) = K'(i) — C'()E [eﬁ(”erRe W (ery + RE()'u — n)“] (6.4)

Once again the objective function is of the form (5.1). The assumption
regarding the existence of optimal solution implies that the optimal policy can be
found using the first order condition

E

(RO a0 (a4 R @) sy (1 2) = 1) “REQD) [ﬁn

a
+ =0
x1r + RE(Duy_4 (4, x) — nn”
and letting y,,_; (i, x) = uy_1 (i, x)/(x1y — n,)0ne obtains the optimum policy as

Up—1 (L, x) = Yn-1(L, x) (x17 — 1), Where y,_1 (i, x) satisfies

E eﬂn(xrf+Re(i)/yn_l(i,x)(xrf—nn)) (xrf + Re(i),yn—1(i, X)(xrf _ nn)

X o, * =
— ) REO) [ﬁ i+ R DY G0 Gery — 1) — "” "

For k=1,2,...,m. If one inserts the optimal policy in the value function using (6.4) it
can be seen that,

vn—l(iJ X)
=K@ - C'n(l')E[eBn(xrf"'Re(i)’Vn—l(irx)(xrf_nn)) (xrf
7 . a
+ R() yn-1(, x)(xrf - nn) - nn) ]

=K% (@)
—C'()E [(XTf _ nn)aeBn(xrf+Re(i)/yn_1(i,x)(xrf—nn)) (1

+ RE(D) Yner (1)) ]
=K', (i) — Q,C'(1)(x — nn/rf)aeﬁnrf
= n—l(i) - Cn_l(i)(x - T]n_l)aeﬁn—ﬂf
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and the value function is still PLEC. Note that the recursions K,,_; = K'yf,—1 =
NMn/7fs Bn—1 = Bury  and Cp_q = Q,C’,, with boundary values C; = Cpp =1
and B = B give the explicit solutions in (6.2). This completes the proof.

The solution of exponential (a=0) and power(p=0) model is a special case

of this model which is already been stated and proved by Canakoglu and
Ozekici(2009).

From the model solution we see that the optimum policy depends on the
state of the market, period of investment and wealth of the investor. The model
solution also depends on the joint distribution of the risky asset returns as
prescribed by (6.3) in a given market state, irrespective of future expectations on
the stochastic market. Another important feature is the dependence of the optimal
policy on the period of investment. This condition makes sure that with every
changing period the policy itself could be different. This model can incorporate
more risk preference structures that investors can exhibit with the change in state
of the market and their wealth.

6.2. PLEC utility function with n=0
Theorem 6.2: Let the utility function of the investor be the PLEC function
given by
U(i,x) = K(i) — C(i)(x)%eP*

the optimal solution of the dynamic programming equation (5.5) is
(i, %) = Ky (i) — Cp(D) (x)*e*Pnea
and the optimal portfolio is,
(i, ) = Yo G, )77 (0) (6.5)

where
B, = rfri—n Kpy =0T ™K, C,=0, "Cand (6.6)
Qu(i)) = TFWE|ePrssf*OMED(1 4+ RE() v (i,%)) |0 )
for n=0,1,...,T-1 where y,, (i, x) satisfies,
(6.7)E [R;‘é(i)(R"(i)’yn(i, x) + 1)* L ePrarxREDya (i) (a + Bnrrx(1 +
RE(D)'¥n(i,2)))] = 0

for all assets k=1,2,....m and all i.
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Proof: The proof is similar to the proof of Theorem 6.1 and will not be
repeated here.

In this special case n=0, it is clear that the optimal policy in (6.5) is not
myopic since there is dependence on n. This property is unlike other utility
functions considered by Canakoglu andOzekici (2009, 2010) At any time n, the
total amount of money invested in the risky assets depends on the market state i
and wealth x as well. Since the total risky investment is 1'u;(i,x) =
1y, (i, x)xry (i) it follows that xry (i) ym  yk(@i, x) is the portion of total wealth
that is invested in the risky assets if the market is in state i and the period is n. Also
observe that for PLEC utility, the composition of the portfolio depends on the
market state, investment period as well as the wealth.

If stock prices are dependent on the previous day’s price, then it follows a
Markov chain. When stock prices depend on the previous two days it does not
follow a Markov chain. However by redefining the state space we can modify the
process as a Markov chain. Similarly when the stock prices depend on the
previous three days the prices can be modelled as a Markov Chain by extending
and redefining the states. Hence, Markov chain can be used to model the stock
prices in many situations. In the following example it is assumed that the price
depends on previous two days.

7. Hlustrations

In this section, computational issues are addressed and it is demonstrated
how the results obtained can be put to work, through a numerical illustration, for
the PLEC utility under the various cases. Consider a market with three risky assets
and one riskless asset where the returns of the risky assets follow an arbitrary
multivariate distribution. The illustration is based on data obtained during
September 2003 to September 2013 from daily return information of three assets
( Reliance, ACC and Tata Steel) traded in National stock exchange; and the daily
respective treasury rate of RBI. The states of the market are classified by
considering whether the S&P CNX Nifty index went up or down during the
previous 2 days. Therefore, in order to model prices as a Markov chain, 4 states are
defined and labelled as 1=(up, up), 2=(up, down), 3= (down, up), and 4= (down,
down) depending on the movement of prices on previous days. The daily interest
rates for all states were approximately equal to 1 and our assumption is satisfied.
Let the transition matrix be denoted as Q. Some of the transitions are not possible
because of the manner in which the states are defined. For example, the transition
from state 1 to state 3 is not possible. This is so, because in state 1 the market has
gone up twice and in state 3 the market has gone down first and then up. Hence the
two states do not overlap, which averts this transition.
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Using historical data the transition probability matrix Q of the Markov
chain is obtained as,

0.306 0.694 0 0
0= 0 0 0.371 0.629
~10.577 0.423 0 0

0 0 1 0

Notice that in the above given transition probability matrix, although theoretically
possible, there is no transition from state 4 to state 4.

Table 1.The return from the riskless asset and the expected return of each
risky asset for each state

| N TIORN PIORNTIO)
1]1.0002 | 1.012 | 1.008 | 1.011
21 1.0002 | 0.999 | 0.999 | 0.999
3(1.0002 | 1.004 | 1.002 | 1.002
411.0002 | 0.990 | 0.994 | 0.991

and the covariance matrices for the four states are

0.419 0.169 0.241 0.269 0.097 0.169
2(1)=1{0.169 0358 0.177 2(2)=1{0.097 0.298 0.148

0.241 0.177 0.615 0.169 0.148 0.686

0.298 0.107 0.169 0.882 0.149 0.245
X(3)={0.107 0301 0.133 X(4)=1(0.149 0.350 0.198
0.169 0.133 0.133 0.245 0.198 0.646

Note that these values are obtained by multiplying the actual numbers by
1,000 for simplification. We consider the problem of investors with initial wealth x
= Rs.100 who want to maximize the expected utility of terminal wealth.

It is difficult to calculate optimal y (i, x)values numerically for an arbitrary
distribution using (6.3). The approach here is similar to Canakoglu and Ozekici
(2009, 2010) i.e., is to use Taylor series expansion of the utility function around
the expected value W = E[W] of the terminal wealth W = X;. Jondeau and
Rockinger (2006) gives a detailed discussion on the benefits, advantages and
disadvantages of using Taylor series expansion in optimal portfolio allocation. In
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particular, they give a convincing argument for using the first 4 moments in the
approximation. From the data it is recognized that the return distributions have
very small skew-ness and kurtosis, so it was decided to use the first four moments.
Taylor series expansion is

(W=
— (6)) > 7
uw) jiOU w) I

whereU ) (W) is the j™ derivative of the utility function at W. Taking expectations
the above equation can be written as,

— 7 1 2 (17 2 1 K¥ary, 3 1 407,14 A7
E[UM)] = UG + 5 U (WG + 35 U3 (W3 + Uit + E LRy (W, )]

(7.1)

whereR, (W, W) is the remainder for the first four moments and pj is the n™
moment of the portfolio defined as

uy = E[(W —W)"]

Using the definitions in Jondeau and Rockinger(2006) for any market
state, the second moment can be expressed as

1y =v'Mpy
whereM, = Z(.) is the covariance matrix. Similarly
Ky =Y Ms(y ®7)

where & is the Kronecker product, and M3 is the 3 x 9 co-skewness matrix defined
as

S211 S212  S213
S221 S222  S223
S$231 S232  S233

S111 S112 S113
S121 S122 S123
S131  S132  S133

M; = S321  S322 S323

S$331 S332 S333

S311  S312 5313]

with
Sijk = E[(R; — ) (Rj — 1) (Rye — )]
fori, j,k=1,2,3. Finally,
My =7M(y Yy ®7)
where M, is the 3 x 27 co-kurtosis matrix with elements
kijii = E[(R; — ) (Rj — ) (R — i) (R — )]



Portfolio Selection Using Power Law With Exponential Cut-Off Utility Function

fori,j.kI1=1,2,3.
For PLEC utility function
U(x) = —eP*(x—m*
Equation (7.1) can be written as,

BIUQ)] = |~ (W - ) - 2P W — ) <2la+ B — )] — ali

_ %eﬁW(W —mE3[BW — ) (—af + fa?) + 3(W —n)?f2a

+ (W —n)3B3 = 3a* + 2alu;
- %eﬁW(W —m*HW =B+ (W —m)Pap® + 3p%a)
+3(W = n)*(B%a® — B*a —af + Ba*) + (W —n)(6aB

+ 3Ba3 —9Ba? — 3a? + Za)]u;;]

Based on Theorem 6.1, take W = xrf(R‘"y(i, x) + 1), in the Taylor series
expansion (7.1). When the data was checked, both covariances and expected excess

returns are of the order 0.01. So forW = x7¢(R® y(i,x) + 1), it can be supposed
that0 < W < 2W . Then based on the study by Loistl (1976), it can be said that the
series converges most of the time. The Taylor series expansion is given in the
Appendix.

Consider the PLEC utility where 3 types of investors are studied. Cases
where the investor has his risk preferences as IARA(a = 1,8 = —5),as
CARA(a = 0,8 = —1)and as DARA (a = 1,8 = 0) are considered here. Let
nN=99 and C(i) and K(i)=1.

Ilustration 1:

Consider an investor having his risk preference as IARA with
parameters(a = 1, 8 = —5). Now substitute these parameter values in the Taylor
series expansion of (7.1) (given in Appendix) and take the gradient with respect to
y(i,x) and set it to equal to zero. Thus the first order condition from which the
optimal y (i, x)values are determined numerically using R program for each market
state is obtained. The computational time was less than a half a minute on a laptop
with 2.1 GHz process.

The optimal yfor the rest of the periods can be obtained similarly by using the
normalized values of n and B for different periods. The corresponding optimal
investment amount is given as,
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Table 2.0ptimal amounts to be invested in each of the assets for each of the
states

State
Asset 1 2 3 4

Reliance | 6.489 | -1.188 | 2.193| -1.958

ACC | 2881 | -0.087| 0.797| -2.102

Tata Steel | 2.105| -0.133 | -0.053 | -2.107

Risk free asset | 88.526 | 101.409 | 97.062 | 106.167

Notice that since the investor is risk-averse, large proportion of the wealth
is invested in the risk free asset. The negative signs indicate short selling. Also the
result suggests that one need not short sell if the market is in state 1 where in the
market has moved up twice. This observation is quite logical for any investor in the
real world. Similarly when the market has gone down previously a risk averse
investor may short sell all the risky assets and invest more in the risk free asset.
One can clearly observe these points from Table 2.

Illustration 2:

Consider an investor having his risk preference asCARA with
parameters(a = 0,8 = —1). The procedure similar to as done in illustration 1 is
applied. The corresponding optimal investment amount is given as,

Table 3.0ptimal amounts to be invested in each of the assets for each of the
states

State
Asset 1 2 3 4

Reliance | 18.792 | -5.861 | 10.469 | -7.677

ACC | 8342 | -0431| 3.806 | -8.242

Tata Steel | 6.096 | -0.659 | -0.253 | -8.261

Risk free asset | 66.771 | 106.951 | 85.979 | 124.181

The observations regarding the amounts to be invested are similar to that
of Illustration 1.
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Ilustration 3:

Consider an investor having his risk preference as DARA with
parameters(e = 1, 8 = 0). The procedure similar to as done in illustration 1 is
applied. The corresponding optimal investment amount is given as,

Table 4.0ptimal amounts to be invested in each of the assets in each of the
state

State
Asset 1 2 3 4
Reliance 778.378 | -291.500 | 512.189 | -344.777
ACC 345.814 | -21.454 | 186.208 | -370.158

Tata Steel 252.813 | -32.760 | -12.386 | -370.996
Risk free asset | -1277.005 | 445.714 | -586.011 | 1185.932

Notice that the policy suggests a large amount to be de-invested in the risk
free asset for state 1 and 3 where in the market has moved up in the last period.
This happens because the investor considered here is of type DARA. Thus as he is
willing to take more risk as the market moves up, the investor may put a larger
proportion of his wealth in the risky assets and vice-versa in state 2 and 4.

Ilustration 4:

In this illustration we have considered a situation where the investor has
his risk preference to be changing in each state to IARA, CARA and DARA with
parameters(a;, 8;) = {(1,5), (0,—1), (0,—0.5), (—1,0) }respectively. The
procedure similar to as done in illustration lis applied.The corresponding optimal
investment amount is given as,

Table 5.0ptimal amounts to be invested in each of the assets in each of the
state

State
Asset 1 2 3 4
Reliance 6.489 | -5.861 | 10.584 | -344.041
ACC 2.881 | -0.431 | 3.848 | -369.364

Tata Steel 2.105 | -0.659 | -0.256 | -370.249
Risk free asset | 88.526 | 106.951 | 85.824 | 1183.654




Afreen Arif H., T. P. M. Pakkala

This illustration shows how one can consider different risk preferences of
investors based on each state to obtain the optimum policy. In reality an investor
may change his risk preference based on the state of the market. Hence it becomes
an important part of the study that this scenario is also considered. This type of
study is possible only through the PLEC utility as it incorporates all these types of
risk preference structures. Hence one is free from any bias in the optimum policy
that could occur because of the change in form of the utility.

Implications of an ignorant investment strategy

Suppose an investor does not use any information about the variation of
the states of the market. He just knows what type of risk preference he possesses.
The solution for such an investor obtained without dynamic programming, is a
suboptimal solution compared to the one obtained through dynamic programming.
This can be shown by obtaining the optimal policy for a single period by solving
the first order condition equation (5.3) and utility of an IARA preference type
investor.
If we apply this policy for Rs. 1000 investment and compare it with the dynamic
problem solution in each state for the same utility function and initial wealth the
following loss in rupees will occur:

Table 6. Loss of wealth in rupees for Rs. 1000 invested using the policy
obtained from first order condition rather than dynamic programming

State 1 2 3 4

Loss | 1.03 | 1.05 | 1.05 | 1070.09

Thus Table 6 suggests that one may incur lesser profit if dynamic
programming technique is not used to obtain the optimal policy for a multiple
period horizon problem.

8. Conclusions

PLEC utility is recommended here for studying the investor preferences
and for obtaining an optimal policy to the portfolio allocation problem of the
various types of risk-averse investors. This makes the optimum policy obtained to
be free from any bias due to change in the form of the utility function considered.
A direct solution to a single period problem is obtained based on this utility. Price
variation is modelled through a Markov chain. The optimal decision in a multi-
period setting is obtained using dynamic programming.
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In both the investment horizons, it is noticed that the decision depends on
the wealth invested and the state of the market. In the multi-period setting the
optimal policy depends on the period of investment as well. Thus it is noticed that
using the PLEC utility provides us a non-myopic policy which is otherwise not
possible when any other utility function is used.

Four illustrations are shown which discuss about three different kinds of
investors. The investors are represented through different PLEC utilities. Optimal
policies can be compared for each investor type without bothering about the bias
that could have occurred by the use of different forms of utility functions. This
type of study is possible uniquely through PLEC utility because of its wide ranged
behaviour regarding risk-averse preferences. It is seen that not bothering about the
market’s stochastic state may lead to lesser profit for the investor. Hence we
recommend the use of PLEC utility function to represent the various investors in
the market. So also based on this utility, we suggest using the method described
here to obtain the optimal portfolio solutions for the investors under consideration.

Appendix

Based on Theorem 6.1, take W = xrf(R‘"y(i, x) + 1), in the Taylor series
expansion (7.1). Therefore the Taylor series expansion can be used as,

B[ (o = mRv(x) + 217 ||
= [_eB((XTf_U)Re’V(i,x)+fo) (((xrf — U)Re/)/(i, )+ xrf) _ n)a

1 —nRr¢ y(i '
_ Eeﬁ((xrf n)R V(l,x)+xrf) (((xrf _ T])Re Vi, %) + xrf)

)a_z _[a + B (((xrf — )Ry (i, x) + xrf) - n>]2 - a] w2
eﬁ((x;'f_n)Re’y(i,x)"‘XTf) ((

-1
1 o,

-z (xrr — )Ry (i, x) + xrf)

-1

)(1—3 _3 (((xrf - U)Re’)/(i, X) + XT‘f) — 77) (—a',[)’ + ﬁa2)
+ ((xrf - U)Re’)’(i, x) + xrf) - U)Z,Bza

3
+ (((xrf — )Ry (i, x) + xrf) - 77>3 B3 —3a% + 20(] yf’,]
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1 o \RE (i .
_ ﬁeﬁ«xrf MR V(L,x)+xrf)(((xrf —mMRey(i,x) + xrf)

=[Gy = mRE Y (@, x) +x17 ) — )3
+ (((xrf - n)Re’y(i, x) + xrf) —n)3ap3 + 3330{)
+ 3(((xrf - n)Re,y(i, x) + xrf) - n)?(p%a? — B2a—ap

+ fa?) + (((xrf —mMRey(i,x) + xrf) —1n)(6ap + 3pad
—9Ba® = 3a* + 2a)]u;
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